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FOREWORD 
Changing r a t e s  o f  n a t u r a l  p o p u l a t i o n  growth,  c o n t i n u i n g  
d i f f e r e n t i a l  l e v e l s  o f  r e g i o n a l  economic a c t i v i t y ,  and s h i f t s  
i n  m i g r a t i o n  p a t t e r n s  a r e  c h a r a c t e r i s t i c  a s p e c t s  o f  many 
developed c o u n t r i e s .  I n  some r e g i o n s  t h e y  have combined t o  
b r i n g  abou t  p o p u l a t i o n  d e c l i n e  o f  h i g h l y  u rban i zed  a r e a s ,  i n  
o t h e r s  t h e y  have b rough t  abou t  r a p i d  m e t r o p o l i t a n  growth.  
Whether growing o r  d e c l i n i n g ,  however, t h e  l a r g e  urban agglomera- 
t i o n s  s h a r e  common conce rns  r e l a t e d  t o  t h e i r  i n t e r n a l  manage- 
a b i l i t y ,  t h e  c o s t s  o f  s p a t i a l  i n t e r a c t i o n ,  t h e  q u a l i t y  o f  l i f e ,  
and urban redevelopment  i s s u e s .  
One of  t h e  o b j e c t i v e s  o f  t h e  Urban Change Task i n  IIASA's 
Human S e t t l e m e n t s  and S e r v i c e s  Area i s  t o  c a r r y  o u t  t h e  i n t e r -  
n a t i o n a l  r ev iew,  a s s e s smen t ,  and development o f  models o f  i n t r e -  
urban sys tems .  
I n  t h i s  r e p o r t ,  D r .  B o r i s  Shmulyian, of  t h e  I n s t i t u t e  f o r  
Systems S t u d i e s ,  USSR Academy of Sc i ences  i n  MOSCOW, d i s c u s s e s  
t h e  s t r u c t u r e  and a p p l i c a t i o n s  of s e v e r a l  urban models based 
on t h e  e n t r o p y  approach.  The paper  p r e s e n t s  a  methodology f o r  
i n c o r p o r a t i n g  d e t a i l e d  p r i o r  i n f o r m a t i o n  conce rn ing  t r i p  d i s -  
t r i b u t i o n  p a t t e r n s .  I t  a l s o  f o c u s e s  on app ly ing  t h e  f i n d i n g s  
t o  p l ann ing  t h e  l o c a t i o n  o f  working p l a c e s  and r e s i d e n c e s  w i t h i n  
a  l a r g e  c i t y .  
A l i s t  of p u b l i c a t i o n s  i n  t h e  Urban Change S e r i e s  appea r s  
a t  t h e  end of t h i s  paper .  
Andrei  Rogers 
Chairman 
Human S e t t l e m e n t s  
and S e r v i c e s  Area 
This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 
ABSTRACT 
This  paper  d e a l s  w i th  gene ra l  methodological  q u e s t i o n s  of 
urban systems modeling. The main f e a t u r e  of t h e  models under 
d i s c u s s i o n  i s  t h e i r  analogy wi th  models d e r i v e d  by t h e  use  of 
s t a t i s t i c s .  This  analogy i s  extended and g e n e r a l i z e d  t o  t a k e  
i n t o  account  t h e  s t r u c t u r e  of  a p r i o r i  s p a t i a l  p r e f e r e n c e s  of 
urban r e s i d e n t s .  A b s t r a c t  systems t h a t  have been c o n s t r u c t e d  
fo l lowing  t h i s  approach can be a p p l i e d  t o  the a n a l y s i s  and 
s imu la t ion  of  i n d i v i d u a l  urban subsystems a s  w e l l  a s  of t h e  
urban systems a s  a whole. 
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SPATIAL MODELING OF URBAN SYSTEMS: 
AN ENTROPY APPROACH 
1 .  INTRODUCTION 
ÿ he use  o f  en t ropy  methods i n  t h e  s p a t i a l  modeling of urban 
systems has  become i n c r e a s i n g l y  popular  i n  t h e  p a s t  decades .  
This paper  c o n s i d e r s  a  number of fundamental methodological  
q u e s t i o n s  r a i s e d  by such an approach. To mot iva te  t h e  d i scus -  
s i o n ,  w e  begin by l i s t i n g  a  few examples r e l a t e d  t o  f o r e c a s t i n g .  
A l l  r e q u i r e  some p r i o r  i n fo rma t ion ,  a s  w e l l  a s  assumptions on t h e  
p re fe rences  of r e s i d e n t  popu la t ions  of p a r t i c u l a r  r e g i o n s .  
1 . 1  Examples 
Forecasting Shopping Center Attendance 
For t h e  f o r e c a s t i n g  of shopping c e n t e r  a t t endance  w e  suppose 
t h a t  j = 1 ,  ..., n shops (such a s  supermarkets  and depar tment  
s t o r e s )  a r e  t o  be c o n s t r u c t e d  i n  a  r eg ion .  I t  i s  known t h a t  t hey  
w i l l  be a t t e n d e d  by r e s i d e n t s  from i = 1 ,  ..., m d i s t r i c t s .  The 
c a p a c i t i e s  o f  t h e  d i s t r i c t s  Pi (amount of  p r o s p e c t i v e  buyers a t  
t h e  t i m e )  a r e  g iven .  The average c o s t  of  a purchase  i n  each 
shop,  c  and t h e  average c o s t  c of  a l l  purchases  i n  t h e  c e n t e r  j 1  
by a l l  t h e  buyers  are s t a t i s t i c a l l y  determined.  W e  assume t h a t  
t h e  buyers a r e  s o c i a l l y  homogeneous, shops a r e  i d e n t i c a l ,  and 
buyers choose a shop i n  a  random way. I t  i s  neces sa ry ,  t h e n ,  t o  
determine t h e  d i s t r i b u t i o n  of  t h e  buyers  among t h e  shops.  
F c r e c a s t i n g  t h e  P o p u l a t i o n  D i s t r i b u t i o n  i n  a  New C i t y  
I n  o r d e r  t o  f o r e c a s t  t h e  popu la t i on  d i s t r i b u t i o n  f o r  a  new 
c i t y ,  w e  suppose t h a t  n  p l a c e s  of work w i t h  c a p a c i t i e s  Q j  = 
1' 
1, ..., n  a r e  g iven ;  m d i s t r i c t s ,  which may be used f o r  housing 
c o n s t r u c t i o n  a r e  g iven  a l s o  and t h e  main c h a r a c t e r i s t i c  o f  t h e  
l i n k s  between r e s i d e n t i a l  d i s t r i c t s ,  i ,  and t h e  p l a c e s  o f  work, 
j .  i s  t h e  l e n g t h  o f  t i m e  neces sa ry  f o r  t h e  t r i p  t i j  The average 
t i m e  f o r  home-to-work t r i p s  Tm, f o r  a l l  r e s i d e n t s ,  may be d e t e r -  
mined by u s i n g  a n a l o g i e s  w i th  e x i s t i n g  c i t i e s  of  s i m i l a r  t y p e s .  
I t  i s  aga in  assumed t h a t  peop le  choose working p l a c e s  independen t ly  
and i n  a  random way. W e  n o t e  t h a t  t h e  problem i s  e s s e n t i a l l y  
o f  a  non-optimal k ind  because  Tm i s  f i x e d  and i s  n o t  t o  be mini-  
mized. I n  t h i s  c a s e  it i s  neces sa ry  t o  de te rmine  t h e  most appro- 
p r i a t e  a l l o c a t i o n  o f  housing c o n s t r u c t i o n  w i t h i n  t h e  c i t y .  
A n a l y z i n g  and P o r e c a s t i n g  Urban T r a f f i c  
Thi s  t a s k  i s  a  c l a s s i c a l  one and has  been i n v e s t i g a t e d  
s i n c e  t h e  Here t h e  t h e  c i t y  t r a n s p o r t  network 
i s  g i v e n  and zones o f  t r i p  o r i g i n s  Pi ,  i = 1 ,  ..., m and d e s t i n a -  
t i o n s  Q j = 1 ,  ..., n  a r e  i d e n t i f i e d .  The impor t an t  f e a t u r e  j 
of  t h i s  problem i s  t h e  p r e sence  of  p r i o r  i n fo rma t ion  on f ( t ) ,  
t h e  f requency d i s t r i b u t i o n  of  t h e  pa s senge r s  ove r  t h e  t r i p  l e n g t h  
between o r i g i n - d e s t i n a t i o n  p a i r s  ( i  , where tij  i s  t h e  s h o r t e s t  
r o u t e .  I t  i s  neces sa ry  t o  de te rmine  i n t e r z o n a l  l i n k s  ( t r i p s )  
x i j  and t r a n s p o r t  network l o a d s .  We assume t h a t  t h e  pa s senge r s  
choose a  t r i p  acco rd ing  t o  an o r i g i n - d e s t i n a t i o n  p a i r  ( i , j )  i n  
a  random way c o n s i s t e n t  w i t h  t h e  p r i o r  d i s t r i b u t i o n  f u n c t i o n  f ( t ) .  
1 . 2  General  D e f i n i t i o n s  
The above examples show how a  s t o c h a s t i c  s p a t i a l  i n t e r a c t i o n  
s y s t e m  can be d e f i n e d .  W e  d e f i n e  a s y s t e m  a s  a  f i n i t e  set  of  
N e lements  w i t h o u t  r e g a r d  t o  t h e i r  i n t e r n a l  s t r u c t u r e .  The 
term s p a t i a l  means t h a t  e lements  of  t h e  sys tem belong t o  a  space  
( i n  p a r t i c u l a r ,  t o  a  geomet r ic  space )  and t h a t  t hey  may be l o c a t e d  
i n  some u n i t s  of  t h a t  space-- the  e lements  be long ing  t o  t h e  same 
u n i t  be ing  i n d i s t i n g u i s h a b l e .  
The t e r m  i n t e r a c t i o n  means t h a t  t h e  s y s t e m ' s  work c o n s i s t s  
i n  t r a n s p o r t i n g  e l emen t s  from one group o f  u n i t s  i = 1 ,  ..., m 
( o r i g i n s )  t o  a n o t h e r  j = 1 ,  ..., n  ( d e s t i n a t i o n s ) .  For  each  
o r i g i n - d e s t i n a t i o n  p a i r ,  a  c h a r a c t e r i s t i c  h i j  L 0 i s  d e f i n e d .  
F i n a l l y ,  t h e  t e r m  s t o c h a s . t i c  s u g g e s t s  t h a t  t h e  ( i , j )  p a i r  i s  
chosen i n  a  random way and i ndependen t l y ,  w i t h  a  p r o b a b i l i t y  
I t  t h e n  f o l l o w s ,  t h a t  a  random s t a t e  of  t h e  system--the 
f low m a t r i x  X = {xij}-- is  r e a l i z e d .  The complete  c h a r a c t e r i z a -  
t i o n  o f  random v a r i a b l e s  i s  r e p r e s e n t e d  by t h e  d i s t r i b u t i o n  
f u n c t i o n s  of  t h e  v a r i a b l e s ,  t h e r e f o r e  w e  s a y  t h a t  d i s t r i b u t i o n s  
o v e r  o r i g i n s  p  = - 1 x  1  i j '  d e s t i n a t i o n s  q = 1 x i j ,  j and i n t e r -  i N j  i 
a c t i o n s  e x i s t .  I n  t h e  l a s t  c a s e ,  w e  may i n t e r p r e t  a  random 
c h o i c e  of  an  ( i , j )  p a i r  a s  a  r e a l i z a t i o n  h i j  o f  a  random v a r i a b l e  
H I  prov ided  t h e  d e n s i t y  d i s t r i b u t i o n  f ( h )  e x i s t s .  S ince  h i j  
t a k e s  on a f i n i t e  number o f  v a l u e s ,  t h e  d i s t r i b u t i o n  f  ( h )  i s  a  
d i s c r e t e  one;  b u t  s i n c e  t h i s  number i s  l a r g e  i n  a c t u a l  sy s t ems ,  
w e  i n t r o d u c e  t h e  d i s t r i b u t i o n  d e n s i t y  f ( h )  t h a t  c l e a r l y  may be 
c o n s t r u c t e d  from t h e  d i s c r e t e  d i s t r i b u t i o n  f u n c t i o n .  
1 .3  Assumptions and Mathemat ica l  S t r u c t u r e  
Each s t a t e  o f  t h e  sys tem X can be  r e a l i z e d  i n  many ways, 
d i f f e r i n g  o n l y  i n  t h e  p a r t s  a l l o c a t e d  t o  t h e  ( i , j )  p a i r s  when 
t h e  f lows x i j  a r e  f i x e d  (Wilson 1974; Imelbaev 1978a ) .  Th i s  
is  t h e  c l a s s i c a l  s t o c h a s t i c  scheme of  t h e  mul t inomia l  d i s t r i b u -  
t i o n  and i s  p r e s e n t e d  i n  Assumption A.  
Assumption A .  The i n d i v i d u a l s  choose  an  ( i , j )  p a i r  i n  
a  random and independen t  way. The p r o b a b i l i t y  o f  occu r r ence  
of  each  s t a t e  i s  p r o p o r t i o n a l  t o  t h e  number o f  ways t h a t  it may 
be r e a l i z e d .  
Th i s  number, f o r  s t a t e  X I  i s  g i v e n  by (Wilson 1974) 
and t h e  p r o b a b i l i t y  of  t h i s  s t a t e  i s  
If ' i j '  
r e p r e s e n t i n g  t h e  p r i o r  p r o b a b i l i t y  t h a t  ( i t ] )  w i l l  
be p r e f e r r e d  t o  o t h e r  p a i r s ,  i s  g i v e n  f o r  a l l  ( i , j )  ( Imelbaev 
1 9 7 8 a ) ,  w e  have 
E x p r e s s i o n s  ( 2 )  and ( 3 )  comple te ly  d e t e r m i n e  t h e  random 
mul t i -d imens iona l  v a r i a b l e  X and a l l o w  us  t o  c a l c u l a t e  t h e  
p r o b a b i l i t y  o f  t h e  r e a l i z a t i o n  o f  e v e r y  s t a t e .  Taking a l g o r i t h m s  
( 3 )  and u s i n g  t h e  approx imat ion  I n  Z!  ( I n  Z - 1 ) Z ,  t h e n  
Or! if '11 i s  c o n s t a n t  f o r  a l l  (i , j ) p a i r s  
The e x p r e s s i o n  ( 4 ' )  c o r r e s p o n d s  t o  t h e  s y s t e m ' s  e n t r o p y  
(Landau 1 9 7 0 ) .  T h i s  f a c t ,  a s  w e l l  a s  t h e  s i m i l a r i t y  o f  t h e  
assumpt ion  g i v e n  above t o  t h e  assumpt ions  used i n  s t a t i s t i c a l  
mechanics ,  a l l o w s  u s  t o  i n t r o d u c e  t h e  f o l l o w i n g  assumpt ion .  
Assumption B. The sys tem t e n d s  toward a  s t a b l e  s t a t e .  
Th i s  s t a t e  c o r r e s p o n d s  t o  t h e  maximum o f  t h e  s y s t e m ' s  e n t r o p y  
( 4 ) ,  ( 4 ' ) ,  which f o r  s t a t e  X i s  
Note.  Assumption A ,  i n  g e n e r a l  i s  a  convenient  a b s t r a c t i o n  
and can be confirmed i n  p a r t  by s o c i a l  s t u d i e s  and,  e v e n t u a l l y ,  
by comparison of t h e  model r e s u l t s  w i th  observed d a t a .  On t h e  
o t h e r  hand, assumption B holds  i n  p h y s i c a l  systems ( K i t t e l  1969) 
( t h e  second law of thermodynamics) and i s  h i g h l y  probable  i n  
urban systems.  
1 . 4  Examples 
The t h r e e  problems of urban systems f o r e c a s t i n g  t h a t  were 
p re sen ted  i n  t h e  f i r s t  p a r t  of t h i s  paper  can now be cons idered  
aga in .  Three examples a r e  given i n  o r d e r  t o  d e s c r i b e  mathemat- 
i c a l l y  t h e  p lanning  problems. 
a )  A f i r s t  example d e s c r i b e s  t h e  f lows x i j  between t h e  
d i s t r i c t s  of o r i g i n  and d e s t i n a t i o n  g i v i n g  
max (- 1 x i j  I n  x i j  
X; 4 i j  
and t h e  i n i t i a l  i n fo rma t ion  corresponds t o  t h e  e x a c t  c o n s t r a i n t s  
I t  i s  convenient  t o  p r e s e n t  t h e  c o s t  c o n s t r a i n t s  a s  
b )  A second example i s  t h e  problem of  de te rmin ing  t h e  flows 
which correspond t o  
max (- J, xi 1n xi 
x; 4 ) 
under the constraints 
c) The final example determines flows xi from 
'i j 
rnax J .  xi in -
X 
X i j 1 3  i j 
subject to 1 xij = pi I 1 = ll...,m 
j 
where the values vij have to correspond with f(t) which is given. 
1.5 Types of Prior Information 
The problems considered above differ in terms of the data 
needed on distributions over the interactions, origins, and 
destinations. Let us introduce a classification of data types. 
1. Data is absent. 
2. Distribution parameter is given. 
3. Distribution is given. 
These data generate constraints on the flows xij, presented 
in Table 1 . 1 .  
Table 1.1 Alternative constraints relating to different data 
tY Pe 
Dist r ibut ion 
Data 
type A-over i n t e r a c t i o n s  B-over o r i g i n s  C-over des t ina t ions  
v . .  =I) { f ( h )  
1 I 
Let us consider the determination of v under given f(h) i j 
more closely. For this purpose subdivide the range of distances 
of h, from hmin to hmax, into intervals A, r = 1, ..., k, ..., 1 
and define characteristic functions for any interval Ak in this 
range (Figure 1 . 1 a) 
Calculate 
where fk is the probability of choosing links of a length within 
the interval Ak: h..EAk (Figure l.lb). We note, that since 
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of individuals 
The quantity of the 
communications 
(distance) 
Figure 1 . 1  Calculation of probabilities vij under the given 
distribution density f(h). 
i s  t h e  number of i n d i v i d u a l s  t r a v e l i n g  on t r i p s  w i th  l e n g t h s  
A k *  
W e  have no in fo rma t ion  implying t h a t  any one l i n k  h  . € A k  
1 3  
i s  p r e f e r r e d  ove r  any o t h e r  l i n k  i n  t h e  same d i s t a n c e  i n t e r v a l .  
Therefore ,  w e  may d e f i n e  t h e  p r o b a b i l i t i e s  v i j  a s  equa l  t o  each 
o t h e r  over  t h e  same group,  i . e . ,  
where 
i s  t h e  number of l i n k s  w i t h  l e n g t h s  i n  t h e  range A k  (F igure  1 . 1 ~ ) .  
This c l a s s i f i c a t i o n  a l lows  f o r  t h e  d e f i n i t i o n  of a  set  of  
systems models. Designate  them by 3- tup les  {A B c} ,  where A , B ,  
C = 1 , 2 , 3  a r e  t y p e s  of  d a t a  r e f e r r i n g  t o  i n t e r a c t i o n s ,  o r i g i n s ,  
and d e s t i n a t i o n .  Thus t h e  examples of s e c t i o n  1 . 4  correspond 
t o  models {132},  {213},  and {333}. 
1.6 Determining t h e  Flows 
A l l  t h e  models reduce t o  c o n s t r a i n e d  o p t i m i z a t i o n  problems 
(where c o n s t r a i n t s  x i j  5 0 a r e  u n e s s e n t i a l )  and are so lved  by 
Lagrangian m u l t i p l i e r s  (see Imelbaev 1978a) .  
The g e n e r a l  form of  t h e  problem i s  
v i j 
max 9 ( x i j )  = ,I. x i j  -
X i j  1 3  X i j  
s u b j e c t  t o  
z 
where bZ , ai  j ,  and v i j  a r e  parameters ,  determined by t h e  problem 
type  
The Lagrangian f u n c t i o n ,  L ,  f o r  ( 6 )  and ( 6 ' )  is 
where h Z  a r e  Lagrangian m u l i p l i e r s  f o r  c o n s t r a i n t s  ( 6  ) . 
According t o  t h e  g e n e r a l  method, t h e  s o l u t i o n s  ( 6 )  and ( 6  ' )  
a re  determined from t h e  equa t ions  
and i s  of t h e  form 
where h Z  a r e  determined from t h e  equa t ions  de r ived  by s u b s t i t u t i n g  
( 8 )  i n t o  (6 I )  . 
The s o l u t i o n s  f o r  a l l  problems,  from Table 1 . 1  a r e  g iven  
i n  Imelbaev (1978a) .  According t o  t h e  d a t a  t ype  ( c o n s t r a i n t s )  
some problems have closed-form s o l u t i o n s  and some may be reduced 
t o  1-3 t r a n s c e n d e n t a l  e q u a t i o n s .  Problems (233) and {333) ,  
where in format ion  is  t h e  most complete,  c o n s t i t u t e  a s p e c i a l  
ca se .  Here it i s  neces sa ry  t o  s o l v e  a high o r d e r  system of 
equa t ions  t o  de te rmine  t h e  f lows x. . . For example, t h e  s o l u t i o n  1 7  
of  problem (333) i s  [ see  1 . 4  (c) 1 
where a i  = exp(-1 - ai)  , b j  = exp ( -  B j) ; cti , B . a r e  Lagrangian 3 
m u l t i p l i e r s  corresponding t o  t h e  c o n s t r a i n t s  t333) .  The param- 
eters  a i r  b .  must s a t i s f y  t h e  system of equat ions  3 
[The method t o  s o l v e  t h e  problem ("ba lanc ing  method") was pro- 
posed i n  t h e  1930s.I 
1.7 Reproduction of t h e  P r i o r  D i s t r i b u t i o n  f ( h )  
A s  was a l r e a d y  noted ,  models of t h e  I3331 type  and t h e i r  
s o l u t i o n s  have been known f o r  a  long t i m e .  The d i s t i n g u i s h i n g  
f e a t u r e  o f  t h e  models proposed here  l i e  i n  t h e  method of c a l -  
c u l a t i n g  p r o b a b i l i t i e s .  I n  t h e  models used e a r l i e r  i n  t h i s  
paper (Wilson 1974) .  it was s t a t e d  t h a t  v i j  = a  f k ,  which 
equa l s  ( 5 )  only when nk is c o n s t a n t .  There a r e ,  however, 
examples (Imelbaev 1978a, and s e c t i o n  2 . 2  of t h i s  paper )  i n  
which it i s  shown t h a t  t h e  d i s t r i b u t i o n  
* 
where x  i s  t h e  s o l u t i o n  of t h e  corresponding problem, equa l s  i j 
t h e  p r i o r  d i s t r i b u t i o n  f u n c t i o n  f  s u b j e c t  t o  d e f i n i t i o n  ( 5 ) ,  k  
and i s  almost  a r b i t r a r y  under d e f i n i t i o n  (Wilson 1974) .  
Another way t o  reproduce t h e  p r i o r  d i s t r i b u t i o n  i s  t o  
in t roduce  a d d i t i o n a l  c o n s t r a i n t s  of t h e  (10) type  f o r  f lows 
X i j *  Since t h e s e  c o n s t r a i n t s  a r e  n o n l i n e a r ,  l e t  us  in t roduce  
i n t o  t h e  models t h e  t h i r d  index k  - t h e  number of i n t e r a c t i o n  
groups  w i t h  t h e  c h a r a c t e r i s t i c s  hij€Ak - t o  e l i m i n a t e  t h i s  
d i f f i c u l t y .  
L e t  us i n t r o d u c e  m a t r i c e s  w i t h  t h r e e  i n d i c e s  
hi j h .  . € A k  1 3  
h i j k  = { i n f i n i t e  h .  .$ak 
1 3  
v  i j k  ( v i j  h .  . € A k  1 3  
Now t h e  s ta te  o f  t h e  sys tem i s  d e t e r m i n e d  by t h e  t h r e e -  
i n d e x  m a t r i x  X = {x i jk} .  I t  i s  now p o s s i b l e  t o  d e v e l o p  a  
p r o b a b i l i t y  scheme, ana logous  t o  ( 3 )  , f o r  c h o o s i n g  t h e  3 - t u p l e  
(i ,j  , k )  . T h i s  g e n e r a t e s  t h e  problem 
v  
max xi jk i j k  I n  -
i j k  X X i j k  i j k  
w i t h  t h e  c o n s t r a i n t s  ( 5 )  and ( 5  ' ) where t h e  i n d i c e s  a r e  c o r -  
r e s p o n d i n g l y  modi f i ed .  Note t h a t  t h e  f lows  xijk i n  t h e  k 
p l a n e  a r e  non-zero o n l y  i f  hi jEAk [see (1 1  ) , F i g u r e  1.21 . 
To reproduce  t h e  p r i o r  d i s t r i b u t i o n  f ( h )  e x a c t l y ,  t h e  
modi f i ed  c o n s t r a i n t s  ( 1 0 )  a r e  added t o  t h e  models ,  i . e . ,  
These t h r e e - i n d e x  models  a r e  more g e n e r a l ,  a l t h o u g h  t h e i r  
s o l u t i o n s  a r e  s t i l l  r a t h e r  complex. The models w i t h  comple te  
p r i o r  i n f o r m a t i o n  on t h e  d i s t r i b u t i o n s  a r e  t h e  most c o m p l i c a t e d .  
I n  o r d e r  t o  c a l c u l a t e  t h e i r  p a r a m e t e r s  ( Imelbaev 1978a) t h e  
t h r e e - i n d e x  b a l a n c e  method h a s  been d e v e l o p e d ,  and i t s  conver-  
gence has  been proved.  
z Xijk = 
' I "  
N f k  
F i g u r e  1 . 2  Reproduct ion o f  p r i o r  d i s t r i b u t i o n  f ( h ) .  A t h r e e -  
i ndex  m a t r i x .  
1.8 Generalizations 
In some cases the assumptions, which are used in the models, 
may be excessively restrictive. In particular, some parameters 
- - 
for the distributions, a,, ..., a such as the average length s ' 
of the trip, dispersion, etc., may be known. Alternatively, 
information on different distributions fih) for particular 
groups of origins and destinations may be available. For an 
urban system this could mean that individual districts may differ 
in terms of spatial preference of their residents (for example, 
people living in the outer ring of a city may be accustomed to 
long-distance commuting or shopping trips while those in the 
inner-city are not). 
These generalizations lead to a generalization in the 
models and in the corresponding solution methods. This, in 
turn, leads to some interesting results. 
S e v e r a l  T r a n s p o r t  Modes f o r  t h e  (i, j )  P a i r s  
Suppose that passengers traveling from i to j can use 
several routes with characteristics hg j, not necessarily the 
shortest one. Here additional assumptions on the prior proba- 
bility of choosing a transport mode are needed, because now 
the choice of an (i,j) pair does not define the mode. In 
particular the following hypotheses may be proposed: 
- The 3-tuple (i, j , k) , where k is the number of sequent 
Ak to which hgj belongs, is chosen randomly. This 
hypothesis may be justified for small variations of 
S S hij from min hij corresponds to the shortest path. 
S 
- The choice of the segment k takes place in accordance 
with a conditional distribution V(Z) where (i, j )  is 
S S fixed. Here Z = hi - min hi j .  This means that the 
S 
probability of passengers choosing longer trips is 
smaller (but nonzero). 
These generalizations generate some nonzero elements in 
the matrix vijk (and consequently in xijk). The conditions 
of t h e  balance over  t h e  index v a l u e s ,  as  given i n  ( 1 3 ) ,  provide 
an exac t  reproduct ion  of t h e  p r i o r  d i s t r i b u t i o n  f ( h ) .  
Disaggregation of Residents 
For t h e  urban system t h e  d i saggrega t ion  of r e s i d e n t s  means 
an a l l o c a t i o n  of some s o c i a l  groups t h a t  d i f f e r  i n  t h e i r  mobi l i ty  
[ d i s t r i b u t i o n s  f s ( h ) l .  I f  information on t h e  t o t a l  number of 
i n d i v i d u a l s  i n  each group N s ,  s = 1 ,  ..., S i s  a v a i l a b l e ,  w e  can 
determine t h e  l a y e r s  of t h e  model indexed by k and c a l c u l a t e  
t h e  s o l u t i o n  of t h e  three- index problem with c o n s t r a i n t s  
analogous t o  ( 1 3) . 
2 .  MODEL APPLICATION: ANALYSIS OF PASSENGER FLOWS I N  A LARGE 
CITY 
The methodology descr ibed  i n  s e c t i o n  1 has  been used t o  
c o n s t r u c t  a t r a n s p o r t  network model and has  been r e a l i z e d  a s  
a sof tware  package. J o i n t  c a l c u l a t i o n  of passenger  t r i p s  using 
two t r a n s p o r t  modes ( p u b l i c  t r a n s p o r t a t i o n  and c a r s )  f o r  two 
kinds of t r i p s  (home-to-work and home-to-service) has  been 
c a r r i e d  o u t .  
2 . 1  The Model 
The model and t h e  sof tware package w e r e  designed t o  so lve  
problems connected with  a l t e r n a t i v e  f o r e c a s t s  of t r a n s p o r t  
network development. The c h a r a c t e r i s t i c  f e a t u r e  of t h e  d a t a  
used i n  t h e s e  problems is  t h e  i n a b i l i t y  of o b t a i n i n g  e x a c t  
t r a v e l  t i m e  frequency d i s t r i b u t i o n s  f ( t )  f o r  both t r a n s p o r t  
modes. 
Therefore ,  a p p l i c a t i o n  of t h e  models wi th  an exac t  reproduc- 
t i o n  of t h e  p r i o r  d i s t r i b u t i o n  [see ( 7 )  1 is n o t  adv i sab le  here .  
I t  i s  more n a t u r a l  t o  use  t h e  model wi th  two l a y e r s ,  indexed by 
k ( e i t h e r  of t h e  two t r a n s p o r t  modes), and t o  determine t h e  
corresponding v i j k  f o r  each of them. Thus t h e  model i s :  
'i ' k  
max I xi jk  ~ n  7 
xijk i j k  X i j k  
s u b j e c t  t o  
X i j k  L 0 
where P .  Q .  a r e  c a p a c i t i e s  o f  t h e  o r i g i n s  and  d e s t i n a t i o n s  o f  
1' 3 
p a s s e n g e r  t r i p s  [ s e e  s e c t i o n  1 .1  ( c )  1 , Nk i s  t h e  volume (numbers)  
of  p a s s e n g e r s  t h a t  move u s i n g  p u b l i c  (k  = 1 )  t r a n s p o r t  o r  cars 
( k  = 2 ) ;  and  N = N1 + N 2 .  The v a l u e s  vijk a r e  d e t e r m i n e d  a s  i n  
where ( N k / N )  a r e  t h e  p r o b a b i l i i t e s  t h a t  p a s s e n g e r s  w i l l  c h o o s e  
t r a n s p o r t  mode k  
i s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  t h e  c h o i c e  o f  a g r o u p  o f  
r o u t e s  w i t h  t h e  t r i p  t i m e  t i j k € A e  u s i n g  g i v e n  t r a n s p o r t  mode k ;  
fi/n: a r e  t h e  same f o r  e a c h  r o u t e  i n  t h i s  g r o u p ;  and  
A t ,  1 = 1 ,  . . . ,  L i s  a r e g u l a r  s u b d i v i s i o n  o f  [ 0 ,  t max].  
Data on the general form of the distributions fk(t) means 
- 
that functions fk (t B l  . . . BZl tk) are given. Then, if ck 
is known, we can fix values B , . . . , Bz I calculate the values 
X - ijk xijkB1l...lBz, calculate the estimate of the average 
time 
and begin an iterative process that will minimize the difference 
A 
between zk and tk. In this case, parameters f311...,f3Z, are chosen 
to minimize: 
This procedure is simplest for just two unknown parameters 
B l l  B2 [according to the number of the constraints in (1411. 
This leads to the solution of the system 
using, for example, the generalized secant model. In the 
model developed, a gamma-distribution was used as f(t) 
Here fk = u /B and the distribution maximum is biased to the k k  
left of Ek at l/Bk. 
Q u a n t i t a t i v e  c h a r a c t e r i s t i c s  of t h e  i n i t i a l  d a t a  on t r a n s -  
p o r t  network a r e :  10,000 edges ,  4,100 nodes,  750 d i s t r i c t s .  
The main c a l c u l a t i o n  s t e p s  a r e  t h e  i n p u t  and v e r i f i c a t i o n  of 
t h e  i n i t i a l  d a t a ,  t h e  c a l c u l a t i o n  of t h e  s h o r t e s t  r o u t e s  among 
a l l  t h e  d i s t r i c t s  f o r  two t r a n s p o r t  modes, t h e  c a l c u l a t i o n  of 
m a t r i x  of f lows x i jk ,  t h e  e s t i m a t i o n  of t h e  l oads  on t h e  network 
by summing t h e  f lows over  t h e  s h o r t e s t  r o u t e s ,  and t h e  c a l c u l a -  
t i o n  of t r a n s p o r t  system c h a r a c t e r i s t i c s .  
2 . 2  Some C a l c u l a t i o n  R e s u l t s  
The complete c a l c u l a t i o n  r e s u l t s  f o r  s e v e r a l  s t a g e s  of t h i s  
s tudy  were p re sen ted  t o  t h e  I n s t i t u t e  of Moscow Master-Plan,  
which has  sponsored t h i s  r e s e a r c h  (Bolbot e t  a l .  1978) .  Le t  us  
cons ide r  some o f  them he re .  
A s  noted  above, t h e  model desc r ibed  i n  s e c t i o n  2 . 1  d i f f e r s  
from t h e  known ones i n  i t s  method of  de te rmin ing  t h e  p r o b a b i l i t i e s  
v i n  equa t ion  ( 5 ) .  Comparison of t h e  r e s u l t s  by new and o l d  i j 
methods has  shown t h a t  t h e  curves  f  ( t )  and Jl ( t )  us ing  ( 5 )  a r e  
r a t h e r  c l o s e  t o  each o t h e r ,  which i s  n o t  t h e  c a s e  when t h e  condi-  
t i o n  ( 5 )  i s  abandoned (F igu re  2 . 1  ) . 
I n  s e c t i o n  1 .5  t h e  n o t i o n  of t h e  i n t e r a c t i o n  d i s t r i b u t i o n  
[ o r  i t s  d i s c r e t e  e q u i v a l e n t  - n: (5  ' ) 1 was p r e s e n t e d ,  which 
i s  used t o  determine v i j k .  C a l c u l a t i o n s  have shown t h a t  over load  
of t h e  t r a n s p o r t  r o u t e s ,  e s p e c i a l l y  r a d i a l  ones i n t ended  f o r  
long-d is tance  t r i p s ,  t a k e s  p l a c e  i f  t i s  nea r  t o  n ( t h e  average 
l k  k 
of nk)  , s e e  F igu re  2.2a.  I f  fk < Sk t h e  load  on a l l  t h e  high- 
ways is  lower and c o n c e n t r i c  highways ( f o r  s h o r t  t r i p s )  t a k e  a 
r e l a t i v e l y  l a r g e r  load  (Figure  2.2b) . 
A s  t o  t h e  q u e s t i o n  of modal s p l i t ,  only  t h e  t o t a l  number 
of t h e  passengers  on each mode [see s e c t i o n  1 . 8 ( b ) ]  was given 
a p r i o r t  i n  t h e  model. S ince  t h e  c i t y  of Moscow has  a  r a d i a l -  
c i r c u l a r  s t r u c t u r e ,  t h e  d i s t r i b u t i o n s  f l ( t )  and f 2 ( t )  a r e  c l o s e  
t o  each o t h e r  i n  t h e  c e n t r a l  zone (F igure  2 . 3 a ) ,  b u t  towards 
t h e  o u t s k i r t s  f 2 ( t )  i s  e s s e n t i a l l y  t o  t he  l e f t  of  f, ( t )  
(F igu re  2 . 3 b ) .  With t h i s  d a t a  it t u r n s  o u t  t h a t  t h e  p ropor t ion  
of people  u s ing  c a r s  f o r  t r a v e l i n g  t o  work is  lower i n  t h e  
c e n t r a l  zone than  i n  t h e  o u t s k i r t s  (F igu re  2 . 3 ~ )  . Note, t h a t  
t h i s  i n f e r e n c e  i s  based on t h e  assumption t h a t  passengers  
cons ide r  t h e  l e n g t h  of t h e  t r i p  on ly  and do n o t  t a k e  i n t o  account  
t h e  p o s s i b l e  s o c i a l  h e t e r o g e n e i t y  of  urban space .  
travel time 
' f ( t )  - orior distribution 
$ * ( t )  - the calculated distribution accounting for nk 
$*'(t) - the calculated distribution without accounting for nk 
n(t)  - the quantity of the communications distribution 
Figure  2 . 1  Reproduction of  p r i o r  d i s t r i b u t i o n  f ( t ) .  Corngarison 




Figure 2 . 2  Comparison of t r a f f i c  p a t t e r n s  f o r  two d i f f e r e n t  
t r i p - l e n g t h  preference  d i s t r i b u t i o n s  [ f  (t)  1 . 
Central zone 
p - proportion of passengers 
using cars and public transport 
Outskirts 
F i g u r e  2 . 3  D i s t r i b u t i o n  d e n s i t i e s  o f  t h e  p a s s e n g e r s  f o r  p u b l i c  
t r a n s p o r t  [ f ,  (t)  1 and c a r s  [ f 2  ( t )  1 f o r  t h e  c e n t r a l  
zone and o u t s k i r t s .  P r o p o r t i o n  o f  t h e  p a s s e n g e r s  
u s i n g  t h e  two t y p e s  of  t r a n s p o r t a t i o n  f o r  t h e  zones.  
3. MODEL APPLICATION: ALLOCATION O F  PLACES OF RESIDENCE AND 
OF WORK W I T H I N  A C I T Y  
3.1 An O u t l i n e  o f  t h e  Model 
L e t  us  d i v i d e  t h e  t e r r i t o r y  o f  t h e  modeled urban sys tem 
f o r  s e v e r a l  ( L )  indexed d i s t r i c t s  and ,  f o l l owing  Wilson (1974) , 
and Lowry ( 1 9 6 4 ) ,  l e t  us  c o n s i d e r  t h e  fo l l owing  subsystems.  
a )  The b a s i c  s e c t o r  ( i n d u s t r y ,  s c i e n t i f i c  r e s e a r c h  i n s t i -  
t u t i o n s ,  a d m i n i s t r a t i o n ,  e tc . )  i s  a  subsystem c h a r a c t -  
e r i z e d  by t h e  b a s i c  job  d i s t r i b u t i o n  ove r  d i s t r i c t s  
g iven  by t h e  b a s i c  employment v e c t o r ,  E ~ :  
b )  A second subsystem is  t h e  s e r v i c e  s e c t o r  c o n s i s t i n g  o f  
R t y p e s  o f  s e r v i c e s  ( i n c l u d i n g  d a i l y  and o c c a s i o n a l  
s e r v i c e s  such a s  p u b l i c  e n t e r t a i n m e n t  and s p o r t s ) .  
Th i s  subsystem i s  c h a r a c t e r i z e d  by t h e  d i s t r i b u t i o n  
over  d i s t r i c t s  of s e r v i c e  employment v e c t o r s :  
where k r e f e r s  t o  t y p e s  o f  s e r v i c e  employment. 
C )  Another subsystem i s  t h e  household s e c t o r  which i s  
c h a r a c t e r i z e d  by a  d i s t r i b u t i o n  of  t h e  r e s i d e n t s  ove r  
t h e  d i s t r i c t s :  
W e  w i l l  c o n s i d e r  t h e  d i s t r i b u t i o n  v e c t o r  o f  t h e  b a s i c  
s e c t o r  E~ a s  g iven ,  w i t h  t h e  d i s t r i b u t i o n s  of  o t h e r  subsys tems ,  
t h e  v e c t o r s  N and E ~ ,  t o  be determined.  
I n t e r a c t i o n  Be tween  S u b s y s t e m s  
L e t  u s  assume t h a t  t h e r e  a r e  two t y p e s  o f  i n t e r a c t i o n s  
between t h e  subsys tems .  The f i r s t  t y p e  r e f e r s  t o  s e r v i c e  
employment. The d i s t r i b u t i o n  of  s e r v i c e  Ek depends  on t h e  
d i s t r i b u t i o n  o f  p o p u l a t i o n  N and p l a c e s  of  work EB and ES where 
s = 1 ,  ..., R. R e s i d e n t s  working i n  t h e  s e r v i c e  subsys tems a r e  
( j u s t  a s  any workers )  cus tomers  of t h e  same subsys tem and 
i n t r o d u c e  c o r r e c t i o n s  i n t o  t h e  d i s t r i b u t i o n  o f  working p l a c e s .  
The second t y p e  o f  i n t e r a c t i o n  i s  t h e  dependence o f  t h e  d i s t r i b u -  
t i o n  o f  p o p u l a t i o n  N on t h e  d i s t r i b u t i o n  o f  t h e  t o t a l  number 
o f  working p l a c e s  E 
Thus,  subsys tems  N and Ek a r e  dependen t  upon e a c h  o t h e r .  
L e t  us assume now, t h a t  under  a  f i x e d  d i s t r i b u t i o n  of  one 
subsys tem [ g i v e n  c a p a c i t i e s  of o r i g i n s  ( i ) ]  t h e  c h o i c e  of  
d e s t i n a t i o n s  (j) o c c u r s  a c c o r d i n g  t o  t h e  g e n e r a l  s t o c h a s t i c  
scheme of o u r  s p a t i a l  i n t e r a c t i o n  sys tem [see ( 2 )  and ( 3 )  ] . 
T h i s  a s sumpt ion  a l l o w s  u s  t o  c o n s t r u c t  a  scheme showing t h e  
i n t e r a c t i o n  between t h e  two sys tems (see. s e c t i o n  3.2 below) . 
N o t e .  The i n t e r d e p e n d e n c e  o f  subsys tems a c c e p t e d  i n  t h i s  
model i s  ana logous  t o  one used i n  some e a r l i e r  p a p e r s .  I n  
p r i n c i p l e ,  any subsys tem c o n s i d e r e d  h e r e  may be  made more 
i m p o r t a n t  t h a n  a n o t h e r  (Popkov 1 9 7 7 ) .  For  example ,  it i s  
p o s s i b l e  t o  assume t h a t  t h e  p o p u l a t i o n  distribution depends  on 
s e r v i c e  and t h e  d i s t r i b u t i o n  o f  p l a c e s  o f  work depends on t h e  
d i s t r i b u t i o n  of  t h e  p o p u l a t i o n .  T h i s  i s s u e  may be  d i s c u s s e d  
o n l y  from t h e  b e h a v i o r a l  p o i n t  o f  view. I n  any case, t h e  
c a u s a l  c h a i n  f o l l o w e d  i n  t h e  bu lk  of  u rban  model ing  i s  r e f l e c t e d  
i n  t h e  terms " b a s i c "  and " s e r v i c e "  a p p l i e d  t o  t h e  major  s e c t o r s .  
With r e g a r d  t o  t h e  i n i t i a l  data and c o n s t r a i n t s  u s e d ,  
t h e  f o l l o w i n g  assumpt ions  a r e  made. 
a) The distribution over the working places in the basic 
B 
sector {E j = 1, ..., L) is given. j 
b) Some of the districts ~ E I ~  are characterized by a fixed 
f population Ni. 
These assumptions pertain to the existing parts of the city, 
which will not undergo reconstruction within the foreseeable 
future. In the remaining (~EI") districts the population N i is 
still to be determined. 
c) To define the time-cost of interaction between districts 
we choose the shortest route, that is hi) = 
d) Density curves f (t) are given: 
- ti)- 
fNk (t) , k = 1 , . . . , R - for residents choosing service 
type k ; 
fBk (t) , k = 1, . . . ,R - for those working in the basic 
sector and choosing service type 
k; 
fsk (t) , s, k = 1,. . . ,R - for those working in service 
type s and choosing service 
f type k; 
fEN (t) - for workers to be settled in the districts 
with fixed population sizes; 
fENn(t) - for workers to be settled in the districts 
where population numbers are not predeter- 
mined. 
e) The balance indices for entire urban systems are given: 
- -B 
E = E + 1 E~ - places of work 
k 
places work the basic sector 
-k E = Ek - places of work for service type k 
- 
-f N = 1 ~f - population already present 
~ E I ~  
En = 1 Ni - population to be resettled 
i€ 1" 
- 
N = Fif + hin - total population 
k Bk 
a , 6 , B~~ - participation rates of customers, of 
basic sector workers, and of service 
sector employees, in using services 
S, S = l,...,R. 
Assuming service employment is proportional to total demand, 
these coefficients must satisfy the equation 
If cf and cn are the labor participation rates of residents 
in the two types of districts, then 
f -f n-n - 
c N  + c N  = E  (20) 
f) In each district the area A available for allocating i 
service and population subsystems is given. Therefore 
location of those subsystems must satisfy the inequalities 
where 
a r e  t h e  a r e a s  r e q u i r e d  f o r  l o c a t i n g  N and E: a c c o r d i n g l y ;  
N i Z i  , z k  a r e  d imens iona l  c o e f f i c i e n t s  ( d e n s i t i e s )  g iven  i 
i n  advance and g e n e r a l l y  s p e c i f i c  t o  i n d i v i d u a l  d i s t r i c t s .  
L e t  u s  assume t h a t  l a n d  r e q u i r e d  f o r  s e r v i c e  a c t i v i t i e s  has  
an a b s o l u t e  p r i o r i t y  o v e r  l a nd  r e q u i r e d  f o r  r e s i d e n t i a l  purposes .  
Then 
I n  t h e o r y ,  it i s  p o s s i b l e  t h a t  s e r v i c e  needs  may be g r e a t e r  
t h a n  Ai. C o n s t r a i n t s  such a s  (22)  must t h u s  be i n t r o d u c e d  f o r  
t h e  s e r v i c e  a l l o c a t i o n .  These c o n s t r a i n t s  a r e  t o  be modi f i ed  
f o r  f i x e d - p o p u l a t i o n - s i z e  d i s t r i c t s ,  and t h e  p o p u l a t i o n  s i z e  
i n  c o r r e s po n d i n g  non-f ixed d i s t r i c t s  may be  f o r c e d  t o  be zero. 
3.2 S o l u t i o n  S t e p s  
The assumpt ions  i n t r o d u c e d  make it p o s s i b l e  t o  c o n s t r u c t  
t w o  submodels f o r  t h e  a l l o c a t i o n  o f  urban subsys tems s u b j e c t  t o  
c o n s t r a i n t s .  I n  t h e  f i r s t  submodel w e  must de t e rmine  t h e  s t a b l e  
s t a t e  o f  t h e  s e r v i c e  subsys tem,  by maximizing i t s  en t ropy  when 
a  s t a t e  ( a l l o c a t i o n )  o f  t h e  p o p u l a t i o n  subsys tem,  a s  w e l l  a s  
a l l o c a t i o n  o f  work p l a c e s  a r e  g iven .  I n  t h e  second submodel 
w e  de te rmine  t h e  s t a b l e  s t a t e  of  t h e  p o p u l a t i o n  subsys tem i n  an 
analogous  way. 
W e  must t h e n  c o n s t r u c t  an a l g o r i t h m  f o r  c o m p ~ t i n g  t h e  
r e q u i r e d  d i s t r i b u t i o n s ,  i . e . ,  t o  de t e rmine  o p e r a t o r s  
S i n c e  each  o f  t h e s e  o p e r a t o r s  de t e rmines  a  s t a b l e  s t a t e  
f o r  one s u b s y s t e m ,  g iven  f i x e d  l e v e l s  f o r  a l l  t h e  o t h e r  sub- 
sys tems ,  t h e  i t e r a t i o n  p r o c e s s  
w i t h  t h e  i n i t i a l  c o n d i t i o n  E k ( " )  , N ( O )  can be i n t e r p r e t e d  a s  
a  p r o c e s s  of  o b t a i n i n g  an  e q u i l i b r i u m  s t a t e  f o r  t h e  c i t y  sys tem 
a s  a  whole,  t a k i n g  i n t o  accoun t  i n t e r a c t i o n s  between subsys tems.  
F i n a l l y ,  a f t e r  c o n s t r u c t i o n  of  t h e  model and a l g o r i t h m s  
t o  compute t h e  mode l ' s  pa r ame te r s  it seems n a t u r a l  t o  compare 
t h e  r e s u l t s  w i t h  known models. Here t h e  Lowry model (Lowry 
1964) i s  of  t h e  u tmost  i n t e r e s t ;  t h e  a l g o r i t h m s  used c o n s t i t u t e  
a s p e c i a l  case f o r  t h o s e  proposed i n  t h i s  paper  ( s e c t i o n  3 .6  
be low) .  
3 . 3  Models of  Subsystems I n t e r a c t i o n s  
These models a r e  c o n s t r u c t e d  on common p r i n c i p l e s  which 
reduce  t o  fo rmal  problems o f  e n t r o p y  maximizat ion  when t h e  
sys tem s t a t e s  a r e  c o n s t r a i n e d .  
A l  l o c a t i o n  o f  S e r v i c e s  
For each  t y p e  o f  s e r v i c e  k  w e  i n t r o d u c e  t h e  d e s t i n a t i o n s  
j = 1 , .  . . , L  ( a cco r d i n g  t o  t h e  number o f  d i s t r i c t s )  and (2+R) 
groups  of o r i g i n s  L = 1 , .  . . , (2+R) L  ( L  f o r  each  group)  . The 
f i r s t  group co r r e sp o n d s  t o  t h e  p o p u l a t i o n ,  t h e  second r e p r e s e n t s  
t h e  b a s i c  s e c t o r  workers ,  and t h e  rest r e p r e s e n t  s e r v i c e  workers .  
Thus, t h e  g i v en  c a p a c i t i e s  o f  o r i g i n s  ( i n  p l a c e s  of  work f o r  
t h e  c o r r e sp o n d i n g  s e r v i c e  t y p e )  a r e  e q u a l  t o  
f o r  t h e  f i r s t  group;  t o  
f o r  t h e  second one; and t o  
f o r  t h e  r e s t .  For t h e  d e s t i n a t i o n s  w e  assume t h a t  t h e i r  
c a p a c i t y  c o n s t r a i n t s  r e l a t e d  t o  (21) a r e  i r r e l e v a n t .  
P r o b a b i l i t i e s  v k  of choosing a  g iven  o r i g i n - d e s t i n a t i o n  11 
p a i r  f o r  s e r v i c e  t ype  k  a r e  determined accord ing  t o  ( 5 )  on t h e  
b a s i s  of g iven curves  f ( t )  and a  d i s t r i b u t i o n  of l i n k  l e n g t h s  
n  . The random e v e n t  of s e l e c t i n g  a  p a i r  ( .L , j )  may be conceived 
u  
of a s  a  p roduc t  of two random even t s :  Y - s e l e c t i o n  of one 
of ( 2 + R )  groups of o r i g i n s  and H - s e l e c t i o n  of d e s t i n a t i o n  j  
by i n d i v i d u a l s  i n  o r i g i n  L .  
Since  t h e s e  e v e n t s  a r e  assumed t o  be independent  of each 
o t h e r ,  we have vk  = p ( Y )  p ( H )  . The r a t i o  of t h e  number of 11 
working p l a c e s  i n  group L t o  t h e  t o t a l  number of working p l a c e s ,  
-k 
E determines  p  ( Y )  . The va lue  f o r  p  ( H )  i s  determined from ( 5 )  , 
where we must t a k e  i n t o  cons ide ra t io i l  t h e  f a c t  t h a t  i f  some 
o r i g i n s  have zero  c a p a c i t i e s ,  t h e  f lows xk o r i g i n a t i n g  f r o g  11 
them must a l s o  be zero .  
The p r o b a b i l i t y  d i s t r i b u t i o n  f o r  choosing an i n t e r a c t i o n  
l i n k  i n  group u ,  i . e . ,  of t r i p  t ime D can be cons idered  a s  
u '  
uniform over  a l l  l i n k s  i n  t h e  group u ,  exc lud ing  those  gene- 
r a t e d  by t h e  o r i g i n s  w i th  ze ro  c a p a c i t y .  Thus we f i n a l l y  g e t :  
where u  - t h e  index  of t r i p  l eng th  i s  determined from t h e  condi- 
Nk Bk f i k  a r e  t h e  p r o b a b i l i t i e s  of choosing t i o n s  t e j c a u ;  f U , f u  , 
a  t r i p  02 l e n g t h  A U ,  which a r e  obta ined  from corresponding curves ;  
N 
and nu. nB nS a r e  t h e  numbers of i n t e r a c t i o n s  ( t r i p s )  i n  a  
u t  u  
group u,  which a r e  determined when t h e  o r i g i n s  wi th  zero  capac i ty  
a r e  accounted f o r .  
Thus t h e  a l l o c a t i o n  of s e r v i c e s  i s  reduced t o  t h e  independent 
s o l u t i o n  of R problems: 
s u b j e c t  t o  
( 2 + R ) L  L v k 
max 1 j  I X e j  1" 
k e=1 j = l  
X X e j  P- j  
where xk a r e  flows from in t roduced  o r i g i n s  t o  d e s t i n a t i o n s ;  e j 
and pk a r e  t h e  c a p a c i t i e s  of o r i g i n s  of t h e  in t roduced  groups.  e 
O k  The r e s u l t  of s o l v i n g  t h i s  problem must be t h e  flows x  L j  ' 
which when aggregated ove r  a l l  o r i g i n s  e produce f o r  each j 
t h e  s e r v i c e  a l l o c a t i o n  
Nots. There  i s  a  d e f i n i t e  c o n t r a d i c t i o n  i n  t h i s  model:  
i n  one  g roup  o f  c o n s t r a i n t s  t h e  r i g h t - h a n d  s i d e  c o n t a i n s  v a l u e s  
and y e t  t h e s e  a r e  t h e  r e s u l t s  of  s o l v i n g  ( 2 6 ' ) .  W e  must r e c a l l  
t h a t  t h i s  submodel i s  o n l y  p a r t  of  an i t e r a t i o n  p r o c e s s  ( 2 4 ) .  
T h e r e f o r e  v a l u e s  a t  t h e  r i g h t  s i d e  ( 2 6 )  must be c o n s i d e r e d  a s  
computed a t  s t e p  v ,  and ( 2 6 ' )  c o r r e s p o n d s  t o  t h e  s t e p  ( v + l )  
o f  t h e  p r o c e s s  ( 2 4 ) .  
Popu Zat ion AZZocation 
Here t h e  s t a t e  o f  t h e  s y s t e m  i s  de te rmined  by a  m a t r i x  o f  
f lows  y j i  between t h e  working p l a c e s  w i t h  g i v e n  caqacities 
E j  = 1 ,  ..., L and t h e  r e s i d e n c e s  i ,  i = 1 ,  ..., L which s a t i s f i e s  
1 '  
t h e  c o n d i t i o n s  ( 2 2 ) .  The p r o b a b i l i t i e s  p j i  o f  choos ing  p a i r s  
( j , i )  a r e  de te rmined  a c c o r d i n g  t o  t h e  method d i s c u s s e d  f o r  
s e r v i c e  a l l o c a t i o n s .  T h i s  i s  performed s e p a r a t e l y  f o r  f i x e d  
d i s t r i c t s  i€lf ahti n o n f i x e i  i€1" 
f n f n  w i t h  c o r r e s p o n d i n g  d e t e r m i n a t i o n  o f  u ,  f U ,  f U ,  n u ,  nu.  
Connect ions  between working p l a c e s  and f i x e d  and n o n f i x e d  
f  r e g i o n s  a r e  t a k e n  i n t o  c o n s i d e r a t i o n  f o r  nu and n: - r e s p e c t i v e l y .  
f  Connect ions  w i t h  o r i g i n s  of  z e r o  c a p a c i t y  and ,  f o r  n u ,  connec- 
t i o n s  d i r e c t e d  towards  t h e  d e s t i n a t i o n s  w i t h  z e r o  c a p a c i t y  a r e  
i g n o r e d .  
Thus p o p u l a t i o n  a l l o c a t i o n  i s  reduced  t o  t h e  problem: 
a, C C  
a o c r  
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According t o  ( 2 6 ' ) ,  t h e  s e r v i c e  a l l o c a t i o n  then  becomes 
The l a s t  e x p r e s s i o n  can be r e w r i t t e n  i n  ma t r ix  form i f  we 
r e p l a c e  pk by c a p a c i t i e s  of corresponding groups of o r i g i n s  e 
( s e e  s e c t i o n  3 . 3 ) .  Then: 
where F a r e  row-normalized square  ma t r i ce s  wi th  e lements  equa l  
t o  
The s u p e r s c r i p t  i n d i c e s  of F i n  (32) correspond t o  i n d i c e s  
f o r  curves  f  ( t )  i n  (25)  . Hence (31 ) and (-32) d e f i n e  t h e  o p e r a t o r  
A of  t h e  i t e r a t i o n  p roces s  ( 2 4 ) .  
Alternative Iterative Strucfurz 
Consider b r i e f l y  ano the r  approach t o  s e r v i c e  a l l o c a t i o n .  
A s  noted  e a r l i e r ,  s e r v i c e  a l l o c a t i o n  E ( v )  , ob ta ined  a t  t h e  
prev ious  s t a g e  of t h e  i t e r a t i o n  p roces s  ( 2 4 ) ,  i s  given by ( 3 2 ) .  
Now we c o n s t r u c t  t h e  second-level  p roces s  (w i th  index  w )  
a t  each s t a g e  of t h e  p roces s  ( 2 4 )  
where w e  c o n s i d e r  t h e  l i m i t  v a l u e  {E k ( v ' w )  , k = 1 , .  . . , R }  a t  
w + a of  t h e  p r o c e s s  a s  a  l i m i t  t o  s e r v i c e  a l l o c a t i o n  a t  t h e  
s t a g e  v + l .  The r e s u l t i n g  a l l o c a t i o n  does  n o t  depend on E s ( v )  I 
s = 1 ,  ..., R ,  i . e . ,  
W e  c an  compute t h e  l i m i t  v a l u e  E (v+l  ) by c o n s i d e r i n g  
(32)  a s  a  sys tem o f  l i n e a r  e q u a t i o n s  w i t h  RL v a r i a b l e s  E k  
1'  
j = l . . . L ;  k  = l . . . R .  The v a l u e  o f  RL i n  p r a c t i c a l  problems 
i s  l a r g e ,  t h e r e f o r e  t h i s  sy s t em.mus t  be s o l v e d  by i t e r a t i o n  
methods . 
I n  t h e  s p e c i a l  c a s e  FSk = I ( t h e  i d e n t i t y  m a t r i x )  and 
k  B~~ = 6 V s , k I  t h e  s o l u t i o n  of  t h e  sys tem (32)  can  be  o b t a i n e d  
i n  e x p l i c i t  form. From (32)  w e  have 
where 
Then t h e  s o l u t i o n  i s  o f  t h e  form 
where 
which may be v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  i n t o  ( 3 4 ) .  
3 . 5  Popula t ion  A l l o c a t i o n  Operator  
In  t h e  problem ( 2 7 ) ,  t h e  o b j e c t i v e  f u n c t i o n  i s  convex, and 
i n  a d d i t i o n  c o n s t r a i n t s  y j i  2 0 a r e  redundant ,  except  f o r  
i € I n .  A s  a  r e s u l t ,  t h e  necessary  and s u f f i c i e n t  c o n d i t i o n  of 
o p t i ~ l a l i t y  i s  ( accu ra ing  t o  Kuhn-Tucker's theorem) t h e  zero- 
va lue  of t h e  g e n e r a l i z e d  Lagrangian g r a d i e n t .  The Lagrangian 
i s :  
The Kuhn-Tucker o p t i m a l i t y  c o n d i t i o n s  a r e :  
wi th  a d d i t i o n a l  c o n d i t i o n s ,  when ~ E I " :  
G e n e r a l i z e d  B a l a n c i n g  A l g o r i t h m  
To solve problems similar to (27), with exact constraints 
on the rows and columns of matrix yji only, the "balancing 
algorithm" has been widely used. This consists of step-by-step 
normalization of the groups of constraints [see, for example, 
Imelbaev ( 1978a) and also section 1 .6] . Now let us formulate 
a g e n e r a l i z e d  b a l a n c i n g  a l g o r i t h m .  First, transform the expres- 
sion for yji (35') into a form: 
where 
The conditions (35") take the form 
It follows from (36) and (36') that any multiplier ci is equal 
to one (does not effect the solution). if its corresponding 
constraint is not binding. Otherwise the value of ci must be 
reduced in order to normalize row i. 
The multipliers a bit ci have to satisfy the constraints j' 
in (27) 
The a lgo r i t hm s o l v i n g  t h e  problem (27)  fo l lows  from (37)  
and ( 3 6 ' ) :  
0 Here,  set by = ci = 1 . The s u p e r s c r i p t  w = 1 , 2 ,  ..., r e f e r s  t o  
t h e  i t e r a t i o n  s t e p .  
The fo l lowing  theorem can be proved.  
T h e o r e m  i .  I f  t h e  f e a s i b l e  set f o r  t h e  problem (27)  i s  n o t  
* * * 
empty, t h e  a lgo r i t hm converges t o  t h e  va lues  a b i t  ci cor-  
o j  
responding t o  y j i ,  t h e  on ly  s o l u t i o n  of ( 2 7 ) .  
Proof of  t h i s  theorem i s  based on t h e  r educ t ion  of (27)  t o  
t h e  c o n d i t i o n s  of t h e  more g e n e r a l  theorem (Movshovitch 1976) 
on convergence a lgo r i t hms  of t h i s  form. 
0 
The va lues  Nit i ~ 1 ~  which a r e  computed from y  accord ing  
t o  ( 2 7 ' ) ,  d e f i n e  t h e  o p e r a t o r  N = B(E) of t h e  p roces s  ( 2 4 ) .  
3.6 Aggregate Opera tors  of Subsystem A l l o c a t i o n s :  The Link 
w i t h  t h e  Lowry Model 
Reca l l  t h e  main c h a r a c t e r i s t i c s  of t h e  Lowry model. I ts 
b a s i c  d i f f e r e n c e s  from t h o s e  of t h e  model p re sen ted  h e r e  c o n s i s t  
i n :  absence of t h e  d i s t r i c t s  wi th  popu la t ions  f i x e d  a p r i o r i ,  
and a  " g r a v i t y "  p r i n c i p l e  a p p l i e d  t o  i n t e r a c t i o n  between 
i n d i v i d u a l  subsystems.  
The f i r s t  l e v e l  of t h e  Lowry model c o n s i s t s  of  a  " l i n e a r "  
d i s t r i b u t i o n  of t h e  subsystems,  i . e . ,  
where 
a r e  f u n c t i o n s ,  analogous t o  t h o s e  d i scussed  i n  s e c t i o n s  1  and 
3 .1 ,  dependent on g e n e r a l i z e d  c o s t s  c i j  of t h e  t r i p s  between 
d i s t r i c t s  and normalized r e s p e c t i v e l y  a long  rows and columns; 
a k ,  g k ,  c  a r e  ba l anc ing  c o e f f i c i e n t s .  
Note t h a t  (39)  i s  s i m i l a r  t o  exp res s ions  (31)  and (32)  
f o r  s e r v i c e  a l l o c a t i o n ,  b u t  d i f f e r s  from them i n  t h e  method 
of  computing v i j  The i n f l u e n c e  of b a s i c  s e c t o r  work p l a c e s  
on t h e  " s e r v i c e "  subsystem i n  t h e  Lowry model corresponds t o  
t h e  s p e c i a l  c a s e  o u t l i n e d  i n  s e c t i o n  3.4. A s  shown t h e r e ,  
t h e  va lues  E: can be computed from (39)  i n  t h e  e x p l i c i t  form 
The second l e v e l  of t h e  Lowry model accounts f o r  c o n s t r a i n t s  
( 2 2 ) .  For t h i s  purpose t h e  values N i t  computed from ( 3 9 ) ,  a r e  
changed according t o  a h e u r i s t i c  a lgori thm ( see  below). 
We s h a l l  now o u t l i n e  some forms f o r  computing opera to r s  
of t h e  model which a r e  more convenient than those obtained i n  
s e c t i o n s  3.4 and 3.5. These w i l l  be compared with t h e  Lowry 
model a lgori thms.  
Aggregate  Operator  o f  P o p u l a t i o n  A l l o c a t i o n  
Solut ion  of problem (27) i s  derived by t h e  exac t  a lgori thm 
0 ( 3 8 ) .  Note t h a t  t h e  s o l u t i o n  f o r  t h e  flows y j i ,  i s  used a t  t h e  
end t o  compute values N ; ,  i ~ 1 ~  only.  Let  us formulate a two- 
A 
s t a g e  algori thm t o  so lve  two problems aggregated from (27) and 
compute these  va lues  i n  another  way. 
To formulate the  f i r s t  problem we cons ider  t h e  same o r i g i n s  
and d e s t i n a t i o n s ,  a s  i n  ( 2 7 ) ,  bu t  with only two d e s t i n a t i o n  
c o n s t r a i n t s ,  der ived  by summation (aggregat ion)  of t h e  c o n s t r a i n t  
groups over If and 1": 
L 
' j i  
max 1 u j i l n -  u 
u i , j = l  j  i j  i 
s u b j e c t  t o  
0 
In general the flows uji computed as the result of solving 
(40) will not satisfy the separate constraint equalities and 
inequalities at each destination i. 
We shall interpret the values 
as non-normalized prior probabilities ("preferences") of popula- 
tion allocation in the districts i€In without taking into account 
the constraint-inequalities. 
Now, excluding districts i€If, we can formulate t h e  second 
problem of reallocating residents from one composite origin 
with capacity R~ to destinations with limited capacities di. 
Removing the origin index j, we have 
I i max 1 Ni in - 
N~ ~ E I ~  Ni 
subject to 
* 
The values Ni computed as the result of optimizing (40) 
constitute the objective for population allocation. 
The algorithms of the problems (40) and (41) correspond 
to the stages of the aggregate operator. 
Solution of the f i r s t  prob lem is computed analogously to 
(9) using the expression 
f  
where a  g  , gn correspond t o  Lagrange m u l t i p l i e r s  c a l c u l a t e d  j 1  
from t h e  system of equa t ions .  These a r e  ob ta ined  by t h e  sub- 
s t i t u t i o n  of ( 4 2 )  i n t o  (40)  
where 
The s o l u t i o n  t o  ( 4 2 ' )  i s  computed by t h e  s t a n d a r d  ba lanc ing  
method mentioned above. The r e l a t i v e l y  low dimension of ( 4 2 ' )  
reduces t h e  computat ional  d i f f i c u l t i e s  s i g n i f i c a n t l y .  
S u b s t i t u t i n g  ( 4 2 )  i n t o  ( 4 0 ' )  and us ing  ( 4 2 ' )  w e  have 
Note. I f  no d i s t r i c t s  have predetermined popu la t ion  s i z e s ,  
i . e . :  
t h e  e x p r e s s i o n  (42 " )  c o i n c i d e s  w i t h  (39 ) , a l t h o u g h  t h e  method 
o f  c a l c u l a t i n g  u j i  d i f f e r s  and t h e r e f o r e  c o r r e s p o n d s  t o  t h e  
f i r s t  l e v e l  of  t h e  Lowry model. 
Now l e t  u s  move t o  t h e  s o l u t i o n  o f  t h e  s e c o n d  probZen 
t a k i n g  i n t o  a c c o u n t  t h e  l a n d - c o n s t r a i n t s  a l g o r i t h m  i n  t h e  
Lowry model. According t o  t h i s  a l g o r i t h m  
where I1 ( $ )  and I2 ( I ) )  a r e  s u b s e t s  o f  i n d i c e s  from I", which 
depend on t h e  p a r a m e t e r  $:  
* 
and $ i s  computed by a  f i n i t e  i t e r a t i o n  p r o c e s s  
The f o l l o w i n g  theorem can be  proved (see Appendix) :  
Theorem 2 .  Algor i thm ( 4 3 ) ,  ( 4 3 ' )  and ( 4 3 " )  s o l v e s  ( 4 1 )  
i f  a  s o l u t i o n  e x i s t s .  
From t h i s  t h e  a g g r e g a t e  p o p u l a t i o n  a l l o c a t i o n  o p e r a t o r  
A 
N = B ( E )  can  now b e  d e f i n e d .  I t  c a n  a l s o  be  proved t h a t  t h e  
o p e r a t o r  i s  t h e  same a s  t h e  one used i n  t h e  Lowry model and 
l e a d s  t h e  p o p u l a t i o n  subsys tem t o  a  s t a b l e  s t a t e  (see s e c t i o n  
3 . 2 ) ,  which d i f f e r s  from t h e  s t a t e  d e f i n e d  by o p e r a t o r  N = B(E) 
of  s e c t i o n  3.5.  
S e r v i c e  A l l o c a t i o n  A c c o u n t i n g  o f  C o n s t r a i n t s  
The c o n s t r a i n t s  E~ 5 E k  can a r i s e  i n  t h e  s e r v i c e  a l l o c a t i o n  j  j  
problem [ see  remarks t o  equat ions  (3 )  and ( 4 )  I . I n  a d d i t i o n ,  
i f  only a  smal l  number of s e r v i c e  work p l a c e s  i s  r equ i red  wi th in  
k  
a  d i s t r i c t ,  i . e . ,  i f  E~ < ck then w e  must set  E = 0. There- j  1'  j  
f o r e  t h e  e x a c t  formulat ion of t h e  problem i s  
s u b j e c t  t o  
where t h e  index s e t  J3 C 11 ,..., L) corresponds t o  t h e  d e s t i n a t i o n s  
f o r  which 
k  For a l l  o t h e r  d e s t i n a t i o n s  j ,  x  = 0 .  L j  
In  t h e  problem ( 4 4 ) ,  i n  a d d i t i o n  t o  flows xk it i s  r equ i red  
e j  
t o  compute t h e  se t  J3. Therefore ,  ( 4 4 )  i s  a  mixed-integer 
programming problem. I f  J3 i s  f i x e d  t h e  s o l u t i o n  may be computed 
by a  s l i g h t  change i n  t h e  a lgor i thm f o r  (27), bu t  computation 
of opt imal  o u t f l o w s  i s  u n l i k e l y .  
I n  p r a c t i c e  approximate s o l u t i o n  of t h i s  t a s k  can be 
achieved on ly  through t h e  aggrega te  Lowry a lgor i thm.  A t  i t s  
f i r s t  s t a g e  t h e  va lues  Ek a r e  c a l c u l a t e d  wi thout  t a k i n g  i n t o  j  
account  t h e  c o n s t r a i n t s  (32) o r  ( 3 4 ' ) .  A t  t h e  second s t a g e  
they  c o n s t i t u t e  a base  f o r  computing t h e  set J3 and t h e  va lues  
A 
if 2 c j r  ~ E J ~ .  A t  t h e  t h i r d  s t a g e  t h e  v a l u e s  E~ a r e  computed j 
analogously  t o  a lgo r i t hm ( 4 3 ) ,  ( 4 3 ' )  and ( 4 3 " ) .  
4 .  CONCLUSION 
The models d i scus sed  i n  t h i s  paper  a r e  c h a r a c t e r i z e d  by 
assumptions of homogeneity w i th  regard  t o  t h e  behavior  of 
r e s i d e n t s ,  w i th in  t h e  framework of t h e  observed p a t t e r n s .  The 
homogeneity assumptions a l l ow a u n i f i e d  formal d e f i n i t i o n  of 
both  t h e  p roces ses  of d a i l y  popu la t ion  movement ( u s i n g  t h e  
t r a n s p o r t  system) and g l o b a l  migra t ion  (development of an e n t i r e  
urban sys t em) .  But one should emphasize t h a t  on ly  m o d e l s  of  
popula t ion  behavior  are c o n s t r u c t e d  h e r e .  These models a r e  
on ly  in tended  t o  prov ide  aggrega te  estimates a s  t o  t h e  con- 
sequences of  a l t e r n a t i v e  c i t y -p l ann ing  d e c i s i o n s .  
APPENDIX: PROOF OF THEOREM 2 
1 . The problem ( 4 1  ) may be  reduced t o :  
where X i s  t h e  a p p r o p r i a t e  Lagrange m u l t i p l i e r  from ( 4 1 ) .  The 
u n c o n d i t i o n a l  maximum o f  t h e  f u n c t i o n  i s  a t  t h e  p o i n t  
I f  some v a l u e s  Ti = 0 t h e n  t h e  d imension o f  t h e  s p a c e  o f  f u n c t i o n  
v a l u e s  may be  reduced .  
2 .  The o b j e c t i v e  f u n c t i o n  and c o n s t r a i n t s  o f  t h e  problem 
( A l )  a r e  s e p a r a b l e  and t h e r e f o r e  t h e  maximum o f  t h e  f u n c t i o n  
c o r r e s p o n d s  t o  t h e  maximum of  e a c h  t e r m  
under t h e  c o n s t r a i n t  0  < Ni I di. A s  f ( 0 )  = 0 and f (N i )  
A 
i n c r e a s e s  monotonical ly  when Ni i n c r e a s e s  from z e r o  t o  Ni (A2, 
s e e ,  f o r  example, Imelbaev 1978b) t h e  maximum i s  reached  a t  
t h e  p o i n t  
In t roduce  t h e  f u n c t i o n  
where Ni($) a r e  de te rmined  from (A3) .  The c o n s t r a i n t - e q u a l i t y  
i n  ( 4 1 )  , i . e . ,  
* i s  i n t ended  f o r  computing $ and i s ,  t h e r e f o r e ,  t h e  d e s i r e d  
* 
d i s t r i b u t i o n  Ni ( $  ) . 
4 .  L e t  us ana lyze  the f u n c t i o n  U($) and use  t h e  d e f i n i t i o n  
( 4 3 ' )  of  index  s u b s e t s  I , ( $ )  and 1 2 ( $ ) .  Then 
and i f  $ i n c r e a s e s  from z e r o  t o  
- di 
14 = max - 
i Ti 
t hen  a l l  t h e  i n d i c e s  i ,  pass  s t e p  by s t e p  from I1 ( $ 1  t o  I2 ( $ )  . 
Using (A3) , ( A 4 )  : 
Therefore  U($) f o r  0 I $ I i s  a  cont inuous piecewise-  
l i n e a r  monotonical ly  i n c r e a s i n g  f u n c t i o n  (F igu re  A l ) .  
5.  A unique s o l u t i o n  of equa t ion  (A5) e x i s t s  f o r  
Any s t anda rd  method f o r  i d e n t i f y i n g  t h e  r o o t  of a f u n c t i o n  
of one v a r i a b l e  may be used t o  s o l v e  f o r  t h i s .  Let  us c o n s i d e r  
Newton's method. The method l e a d s  t o  t h e  i t e r a t i v e  p r o c e s s ,  
f o r  some equa t ion  ~ ( x )  = 0 ;  
where P' (xw) i s  t h e  d e r i v a t i v e  of ~ ( x )  a t  t h e  p o i n t  xw. In  
ou r  problem a f t e r  e lementary t r ans fo rma t ions  u s ing  (A6) we 
have exp res s ion  ( 4 2 " ) ,  which was t o  be demonstra ted.  
J o - e .  I t  i s  convenient  t o  p u t  $O = 0;  followed by $, = 1 ,  
* 
and t h e  sequence Qw i n c r e a s e s  up t o  t h e  va lue  $ cor responding  
t o  t h e  s o l u t i o n  of t h e  equa t ion  (A6).  
The v e r i f i c a t i o n  of t h e  c o n s t r a i n t s  iIwTi I d i ,  and t r a n s i -  
t i o n  of t h o s e  i n d i c e s  s a t i s f y i n g  t h e s e  c o n s t r a i n t s  i n t o  s u b s e t  
12, t a k e  p l a c e  a t  each s t a g e  of t h e  process  ( 4 3 " ) .  I n  t h e  same 
way a s  t h e  index s e t  i s  f i n i t e ,  t h e  process  (43")  i s  a l s o  f i n i t e .  
The cond i t i on  f o r  t e rmina t ion  of t h e  process  i s :  
Figure A1 . The form of U($) . 
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